Abstract. Let D be a relatively compact strongly pseudoconvex domain in a Stein manifold S. 
Introduction
Let D be a relatively compact strongly pseudoconvex domain in a Stein manifold S, and let Y be a complex manifold. In this paper we use the technique of holomorphic sprays to investigate the structure of the space A r ðD; Y Þ and to obtain approximation theorems for holomorphic maps. A holomorphic spray is a family of maps in a given space of maps (such as AðD; Y Þ), depending holomorphically on a parameter t in an open set P H C N ; the domination condition means submersivity with respect to the parameter t A P at t ¼ 0 (Def. 2.1). For the disc u ¼ fz A C : jzj < 1g, the Banach manifold Aðu; Y Þ is locally modeled on the complex Banach space AðuÞ n with n ¼ dim Y . In view of the Oka-Grauert principle for vector bundles of class AðDÞ, due to Leiterer [36] , the same holds whenever every continuous complex vector bundle over D is topologically trivial.
Lempert [38] obtained analogous results for the space of all C k maps from a compact C k manifold V into a complex manifold M, showing that C k ðV ; MÞ is a Banach manifold if k A Z þ , resp. a Fréchet manifold if k ¼ y. He also described a complex manifold structure on the space of real analytic maps by considering Stein complexifications. Like in our case, maps f : V ! M near a given map f 0 correspond to C 0 -small sections of the vector bundle f Ã 0 TM. (In this direction see also [29, 30, 32, 33] ; for the corresponding theory of mappings between smooth real manifolds see Palais [44, 45] .)
We now turn to holomorphic approximation theorems. When S ¼ C n , Y ¼ C and r ¼ 0, this classical result follows from the HenkinRamírez integral kernel representation of functions in AðDÞ [22, 31, 46, 23, p. 87] . Another approach is to cover bD by finitely many open charts in which bD is strongly convex, approximate the given function in AðDÞ by a holomorphic function in each of the charts and patch these local approximations into a global one by solving a Cousin problem with bounds. This method also works for r > 0 by using a solution operator to the q-equation for ð0; 1Þ-forms with C r estimates (Range and Siu [47] , Lieb and Range [40] , Michel and Perotti [41] ). For approximation on certain weakly pseudoconvex domains see Fornaess and Nagel [6] .
The kernel approach essentially depends on the linear structure of the target manifold and does not seem amenable to generalizations. In this paper we adapt the second approach mentioned above to an arbitrary target manifold Y by using the method of sprays. A crucial ingredient is a result from [5] concerning gluing of pairs of sprays on special configurations of domains called Cartan pairs. Using this gluing technique we show that any f 0 A A r ðD; Y Þ is the core map of a dominating spray (Corollary 4.2). This immediately implies Theorem 1.1, and Theorem 1.2 is then obtained by the bumping method alluded to above. We prove the analogous approximation result for sections of holomorphic submersions (Theorem 5.1). When r b 2, a di¤erent proof can be obtained by using the fact that the graph G f ¼ fðz; f ðzÞÞ : 
Recall that a compact set K in a complex manifold S is OðSÞ-convex if for every point p A SnK there is a holomorphic function g A OðSÞ satisfying jgðpÞj > sup z A K jgðzÞj.
The following is a consequence of Theorem 1.2 and the main result of [13] ; for a more general result see Corollary 5.3 below.
Corollary 1.5. Assume that S is a Stein manifold and D T S is a strongly pseudoconvex domain with C l boundary ðl b 2Þ whose closure D is OðSÞ-convex. Let r A f0; 1; . . . ; lg and let f : S ! Y be a C r map which is holomorphic in D. If Y enjoys CAP then f can be approximated in the C r ðD; Y Þ topology by holomorphic maps S ! Y which are homotopic to f .
We shall now extend Corollary 1.5 to sections of certain holomorphic fiber bundles over compact strongly pseudoconvex domains. 
We denote by G r ðD; X Þ the set of all sections f : D ! X of class C r , and by G r A ðD; X Þ the set of all f A G r ðD; X Þ which are holomorphic over D. Theorem 1.7 is proved in §6; a more precise result, with approximation on certain compact sets in D, is Theorem 6.1. Theorem 1.7 also applies if the base D is a compact complex manifold with Stein interior and smooth strongly pseudoconvex boundary; such manifold is di¤eomorphic to a strongly pseudoconvex domain in a Stein manifold by a di¤eomorphism which is holomorphic in the interior [28, 43] (some loss of smoothness may occur). In this connection we mention Catlin's boundary version [2] of the Newlander-Nirenberg integrability theorem [42] .
For fiber bundles over open Stein manifolds (without boundary) the corresponding result was obtained in [13] (see also [15, 21, 34] ). The classical case when X ! S is a principal G-bundle, with fiber a complex Lie group G, is due to H. Grauert [19, 20] . His results imply that the holomorphic classification of principal G-bundles over Stein spaces agrees with the topological classification. (See also the exposition of H. Cartan [1] and the papers [7, 8, 10, 25] .) A. Sebbar [48] proved the analogous result for principal G-bundles which are smooth on the closure of a pseudoconvex domain D H C n and holomorphic over D.
The CAP property of the fiber Y is both necessary and su‰cient for validity of a stronger version of Theorem 1.7 (i) with approximation on compact holomorphically convex subsets (see Theorem 6.1 (i)). In the absence of topological obstructions, CAP of Y also implies extendibility of holomorphic maps from closed complex subvarieties in Stein manifolds to Y [11, 35] . Among the conditions implying CAP are (from strongest to weakest):
(a) homogeneity under a complex Lie group (Grauert [19] ), (b) the existence of a dominating spray on Y (Gromov [21] ), and (c) the existence of a finite dominating family of sprays [9] .
Further examples of manifolds enjoying CAP can be found in [12, 13] .
The paper is organized as follows. In §2 we recall the notion of a (dominating) holomorphic spray and some of the related technical tools developed in [5] . 
Gluing sprays on Cartan pairs
In this section D is a relatively compact, strongly pseudoconvex domain with C Let VT x X ¼ ker dh x denote the vertical tangent space at a point x A X . Definition 2.1. Assume that P is an open set in C N containing the origin. An h-spray of class A r ðDÞ with the parameter set P is a map f : D Â P ! X of class C r which is holomorphic on D Â P and satisfies hð f ðz; tÞÞ ¼ z for all z A D and t A P. We call f 0 ¼ f ðÁ; 0Þ the central (or core) section of the spray. A spray f is dominating on a subset K H D if the partial di¤erential q t j t¼0 f ðz; tÞ :
A (dominating) 1-parametric h-spray of class A r ðDÞ and parameter set P is a continuous map f : ½0; 1 Â D Â P ! X such that for each s A ½0; 1, f s ¼ f ðs; Á ; ÁÞ : D Â P ! X is a (dominating) h-spray of class A r ðDÞ, and the derivatives of f s of order a r are continuous with respect to all variables (including s). In applications the parameter set P will be allowed to shrink around 0 A C N . If f is dominating on a compact subset K of D then by shrinking P we may assume that q t f ðz; tÞ : T t C N ! VT f ðz; tÞ X is surjective for all ðz; tÞ A K Â P.
Remark 2.2. Our definition of a spray is similar to Def. 4.1 in [5] , but is adapted for use in this paper. Sprays were introduced to the Oka-Grauert theory by Gromov [21] to obtain approximation and gluing theorems for holomorphic sections. In Gromov's terminology (which was also used in [15, 16, 17] ) a dominating spray on a complex manifold Y is a holomorphic map s : E ! Y from the total space of a holomorphic vector bundle p : E ! Y such that sð0 y Þ ¼ y and ds 0 y ðE y Þ ¼ T y Y for every point The following proposition and its proof are crucial for all that follows. Given an h-spray f : If in addition s H D 0 is a common zero set of finitely many A r ðD 0 Þ functions and s X D 0; 1 ¼ j then g can be chosen such that g 0 agrees with f 0 to a given finite order on s.
Proposition 2.4 (Gluing of sprays). Let ðD
The analogous result holds for 1-parametric sprays.
Proposition 2.4 follows from Proposition 4.3 in [5] . For later reference we recall the main steps of the proof:
Step 1: Lemma 4.4 in [5] gives a domain P 1 T P 0 containing the origin and a transition map g : D 0; 1 Â P 1 ! C N of class A r ðD 0; 1 Â P 1 Þ, close to the map g 0 ðz; tÞ ¼ t in the C r topology (the closeness depending on the C r distance of f 0 to f on D 0; 1 Â P 0 ) and satisfying f ðz; tÞ ¼ f 0 ðz; gðz; tÞÞ; z A D 0; 1 ; t A P 1 :
Step 2: Let P T P 1 be a domain containing the origin 0 A C N . If g is su‰ciently C r -close to g 0 on D 0; 1 Â P 1 then Theorem 3.2 in [5] furnishes maps a :
r on their respective domains, satisfying gðz; aðz; tÞÞ ¼ bðz; tÞ; z A D 0; 1 ; t A P:
Step 3: It follows that the sprays f ðz; aðz; tÞÞ and f 0 ðz; bðz; tÞÞ, defined on D 0 Â P resp. on D 1 Â P, amalgamate into a spray g : D Â P ! Z with the stated properties. (Compare with (4.4) in [5] .)
Approximation of sprays on convex domains
The following approximation result will be used in §4. 
such that F j ðÁ; 0Þ ¼ f 0 on B for all j A Z þ and the sequence F j converges to f in the C r topology on C Â P 0 as j ! y.
If in addition we are given a vector bundle map L : B Â C N ! TY of class A r ðBÞ covering f 0 (i.e., such that the linear map L z : fzg Â C N ! T f ðz; 0Þ Y is of class C r in z A B and is holomorphic in B) and satisfying L z ¼ q t f ðz; tÞj t¼0 for z A C then the sequence F j can be chosen such that, in addition to the above,
Proof. Consider first the case Y ¼ C. We may assume that C contains the origin 0 A C n in its interior. Taylor expansion in the t variable gives
g j ðz; tÞt j ; ðz; tÞ A C Â P for some g j A A r ðC Â PÞ. For each s < 1 the function g s j ðz; tÞ ¼ g j ðsz; tÞ is holomorphic in 1 s C Â P I C Â P; by choosing s close to one we insure that the approximation Approximation of holomorphic mappings is as close as desired in C r ðC Â PÞ. Fix an s, choose a polydisc P 0 T P containing 0 A C N and apply Runge's theorem to approximate g s j in C r ðC Â P 0 Þ by an entire functiong g j . The function
g j ðz; tÞt j ; ðz; tÞ A B Â C N then approximates f on C Â P 0 and it agrees with f 0 on B Â f0g. This gives a desired sequence F j on the fixed domain
Assume in addition that L : B Â C N ! C is a map of class A r ðB Â C N Þ which is linear in the second variable and satisfies L z ¼t j t¼0 f ðz; tÞ for z A C. By Taylor's formula we have
g j; k ðz; tÞt j t k ; ðz; tÞ A C Â P;
for some g j; k A A r ðC Â PÞ. Approximating each g j; k in C r ðC Â P 0 Þ by an entire functiong g j; k : C n Â C N ! C and setting
gives the desired approximation.
The case Y ¼ C M follows by applying the above result to each component.
Assume now that Y is an arbitrary complex manifold and that r b 2. By [5, Theorem 2.6] the graph fðz; f 0 ðzÞÞ :
M of FðUÞ and a holomorphic retraction i : V ! FðUÞ onto FðUÞ. We apply the already proved approximation result to the map ðz; tÞ !f f ðz; tÞ :¼ Fðz; f ðz; tÞÞ A C M to get a sequenceF F j satisfying the conclusion of Lemma 3.1 with respect tof f . Let pr Y : C n Â Y ! Y denote the projection onto the second factor. Assuming that F F j approximatesf f su‰ciently closely on ðC Â P 0 Þ W ðB Â f0gÞ, the latter set has an open neighborhood W j on which the map F j ¼ pr Y F À1 i F F j is defined, and the resulting sequence F j satisfies the conclusion. r 
Linearization around a section
We shall prove that each section of class A r ðDÞ over a strongly pseudoconvex domain is the core of a dominating spray (Corollary 4.2). This is the key to all main results of the paper. Applying Cartan's Theorem B for vector bundles of class A r ðDÞ we then obtain an up to the boundary version of Grauert 2.3) . Each of the sets B j may be chosen so small that f 0 ðB j Þ is contained in a special coordinate neighborhood of X . The essential ingredient in the proof is Narasimhan's lemma on local convexification.
By Lemma 5.3 in [15] there exists a dominating h-spray f with core f 0 over a neighborhood of D 0 . We recall the main idea of the proof and show that f can be Note
To find a desired spray on D we perform a stepwise extension of f over the convex bumps B 0 ; . . . ; B mÀ1 . At the j-th step we assume that we have a spray D j Â P j ! X with the required properties, and we shall approximate it by a spray D jþ1 Â P jþ1 ! X with a possibly smaller parameter set 0 A P jþ1 H P j . Since all steps are of the same kind, it su‰ces to explain the first step j ¼ 0.
Applying Lemma 3.1 with the sets C ¼ D 0 X B 0 , B ¼ B 0 (which are strictly convex in local holomorphic coordinates) and Y ¼ C M (since f 0 ðB 0 Þ is contained in a special coordinate chart of X ), we find an open set 0 A P 0 H P 0 , a relatively open set W H B Â C N containing ðC Â P 0 Þ W ðB Â P 0 Þ, and a map f 0 : W ! C M of class A r ðWÞ which approximates f in the C r topology on C Â P 0 , such that f ðz; 0Þ ¼ f 0 ðz; 0Þ and q t j t¼0 f ðz; tÞ ¼ q t j t¼0 f 0 ðz; tÞ for z A C. If the approximation is su‰ciently close then Lemma 4.4 in [5] furnishes a map gðz; tÞ ¼ t þ cðz; tÞ of class A r ðC Â P 0 Þ in a smaller parameter set 0 A P 0 T P 0 which is C r close to g 0 ðz; tÞ ¼ t, cðz; tÞ vanishes to second order at t ¼ 0 for all z A C, and f ðz; tÞ ¼ f 0 ðz; gðz; tÞÞ for ðz; tÞ A C Â P 0 .
Applying [5, Theorem 3.2] to g on the Cartan pair ðD 0 ; B 0 Þ we obtain a smaller parameter set P 1 H P 0 and maps aðz; tÞ ¼ t þ aðz; tÞ on D 0 Â P 1 , bðz; tÞ ¼ t þ bðz; tÞ on B 0 Â P 1 , of class A r and close to g 0 ðz; tÞ ¼ t on their respective domains, such that aðz; tÞ and bðz; tÞ vanish to second order at t ¼ 0 and gðz; aðz; tÞÞ ¼ bðz; tÞ for z A C and t A P 1 . (See Step (ii) in the proof of Proposition 2.4 above.) Now ðz; tÞ ! f ðz; aðz; tÞÞ is a spray of class A r ðD 0 Þ which is C r -close to f and agrees with f to second order at t ¼ 0, f 0 ðz; bðz; tÞÞ is a spray with the analogous properties on B 0 Â P 1 , and by construction the two sprays agree on C Â P 1 ; hence they define a spray satisfying (4.1) on the set D 1 ¼ D 0 W B 0 . After m steps of this kind we obtain the first part of the Proposition.
We continue with the parametric case (this will only be used in the proof of Theorem 1.7). Fix an s A ½0; 1. By the first part of the Proposition there exists an h-spray f s : [37] , and Heunemann's approximation theorem [26] ; compare with the proof of Lemma 4.4 and the Appendix in [5] .) We split the fiber variable on fzg Â C N accordingly as 
and for each j a 1-parametric spray F j : I j Â D Â P ! X satisfying the conclusion of the Proposition on I j .
It remains to patch the sprays fF j g m j¼0 into a 1-parametric spray F on ½0; 1. Since each pair of adjacent intervals I j , I jþ1 intersect in the segment ½a jþ1 ; b j while each three intervals are disjoint, it su‰ces to explain how to patch F j and F jþ1 to a spray over I j W I jþ1 . Choose a point u A ða jþ1 ; b j Þ. Using a decomposition D Â C N ¼ E l G as above, with E ¼ ker q t j t¼0 F j ðu; Á; tÞ, the implicit function theorem gives a segment J j ¼ ½a j ; b j H ða jþ1 ; b j Þ with a j < u < b j , a polydisc P 0 H P containing 0 A C N , and for each s A J j a unique map gðs; z; tÞ ¼ t 0 z l ðt 00 z þ cðs; z; tÞÞ of class A r ðD Â P 0 Þ whose derivatives of order a r in ðz; tÞ A D Â P 0 are continuous in all variables and cðs; z; tÞ vanishes to second order at t ¼ 0, such that F j ðs; z; gðs; z; tÞÞ ¼ F jþ1 ðs; z; tÞ; s A I j ; z A D; t A P 0 :
(The special form of g is insured by the fact that the first order jets of the sprays F j and F jþ1 with respect to t agree at t ¼ 0 for every s A I j . For more details see [44, 45] .) The key di¤erence is that the sprays in our paper must be holomorphic in the base variable z A D, and their construction is one of the main technical ingredients of our proof. (Actually E 0 and E 1 are isomorphic since f 1 is isotopic to f 0 due to fiber contractibility of the set W 0 .) In local coordinates ðz; wÞ on E 0 resp. E 1 , C is of the form Cðz; wÞ ¼ ðz; cðz; wÞÞ. The di¤erential of the transition map x !x x at x 0 , applied to a tangent vector h A G Since the partial di¤erential q 2 C is nondegenerate and the C r regularity up to the boundary is preserved when di¤erentiating on the fiber variable, we see that the differential is a complex Banach space isomorphism e¤ected by q 2 CðÁ; xðÁÞÞ, and hence the transition map is biholomorphic. r
Uniform approximation of holomorphic sections
In this section we prove the following approximation theorem which includes Theorem 1.2 as a special case. Proof. Let n ¼ dim S and n þ m ¼ dim X . Denote by pr 1 resp. pr 2 the coordinate projections of C n Â C m onto the respective factors C n , C m , and let B H C n , B 0 H C m denote the unit balls.
Since h : X ! S is a holomorphic submersion, there exist for each point Fix a section f : D ! X in G r A ðD; X Þ. Using Narasimhan's lemma on local convexification of a strongly pseudoconvex hypersurface we find finitely many special coordinate charts ðW j ; V j ; F j Þ on X , with F j ¼ ðf j h; f 0 j Þ, such that bD H S j 0 j¼1 V j and the following hold for j ¼ 1; . . . ; j 0 :
(ii) f ðD X V j Þ H W j , and
Choose a number c < 1 su‰ciently close to 1 such that the sets
By a finite induction we shall construct an increasing sequence of strongly pseudoconvex domains with
. . . ; j 0 Þ, with f 0 ¼ f , such that for every k ¼ 1; . . . ; j 0 the restriction of f k to D kÀ1 will be close to the previous section f kÀ1 in G r A ðD kÀ1 ; X Þ. The domain D k of f k will in general depend on the rate of approximation on D kÀ1 and will be chosen such that
. . . ; j 0 ; that is, we enlarge D kÀ1 inside the k-th coordinate neighborhood V k so that the part of bD kÀ1 which lies in the smaller set U k is contained in the next domain D k . The final domain D j 0 will contain D in its interior, and the section f j 0 A G r A ðD j 0 ; X Þ will approximate f as close as desired in C r ðD; X Þ. To keep the induction going we will also insure at every step that the properties (ii) and (iii) above remain valid with ðD; f Þ replaced by ðD k ; f k Þ for all j ¼ 1; . . . ; j 0 .
Since all steps will be of exactly the same kind, we shall explain how to get
We shall first find a setD D (Fig. 1) . Approximation of holomorphic mappings Proposition 4.1 furnishes a dominating h-spray F : D Â P ! X of class A r ðDÞ with the core section F 0 ¼ f . By shrinking its parameter set P H C N if necessary we can insure that properties (ii) and (iii) above are satisfied if we replace f ¼ F 0 by any section F t ¼ F ðÁ; tÞ, t A P.
By using the special coordinate chart ðW 1 ; V 1 ; F 1 Þ we find an open set W H V 1 containing D X V 1 and a holomorphic h-spray G : 
tðzÞ < ewðzÞgÞ for a small e > 0 (Fig. 1) . By choosing e > 0 su‰ciently small (depending on f 1 ) we insure that the hypotheses (i)-(iii) are satisfied by the pair ðD 1 ; f 1 Þ. This completes the first step.
Applying the same procedure to ðD 1 ; f 1 Þ and the second chart ðW 2 ; V 2 ; F 2 Þ we get the next pair ðD 2 ; f 2 Þ. After j 0 steps we find a section f j 0 over a neighborhood D j 0 of D in S which approximates f as close as desired in the C r topology on D. Since all steps were made by homotopies, 
(ii) s X bD j X bD is contained in the relative interior of bD j X bD (in bD), In particular, the core of each of these two sprays is f 0 , restricted to the respective domain, and the exceptional set (the set where the spray fails to dominate) is s. Note that both sprays are dominating over the convex set C 0 ¼ D 0 X B 0 by (iii), and they agree at t ¼ 0.
The proof of Lemma 4.4 in [5] gives a map gðz; tÞ of class AðC 0 Â PÞ (after shrinking P around 0), satisfying f ðz; tÞ ¼ f 0 ðz; gðz; tÞÞ for ðz; tÞ A C 0 Â P and gðz; 0Þ ¼ 0 for z A C 0 . (In that proof we have assumed that the two sprays are close to each other, but in the present situation this is not necessary since f ðz; 0Þ ¼ f 0 ðz; 0Þ for z A C 0 . It su‰ces to find a direct summand of class AðC 0 Þ in D 0 Â C N to the kernel of the t-derivative of each of the two sprays and apply the implicit function theorem as in [5] .)
As in the proof of Lemma 3.1 we approximate g uniformly on C 0 Â P by an entire map g 0 ðz; tÞ satisfying g 0 ðz; 0Þ ¼ 0 for z A C n . The spray ðz; tÞ ! f 0 ðz; g 0 ðz; tÞÞ is then defined on ðC 0 Â PÞ W ðB 0 Â P 0 Þ for some polydisc P 0 H C n around 0 (which may depend on g 0 ), and it agrees with f for t ¼ 0. If the two sprays are su‰ciently uniformly close to each other on C 0 Â P (as we may assume to be the case), we can glue them into a new sprayf f with the required properties over
(See the proof of Proposition 4.1 above, or the proof of Proposition 4.3 in [5] . The important point is that our sprays agree along t ¼ 0, so we get a nonempty parameter set for the new spray.) Note also that the gluing process does not increase the exceptional set of the spray. After finitely many steps of this kind we get a desired spray f over D. r
To complete the proof of Theorem 1.3 we proceed exactly as in the proof of Theorem 5.1 in [5] . The main idea is to attach to D a convex bump B such that s X D X B ¼ j (this is possible since s X bD has empty interior in bD) and then approximate f by another spray over K ¼ D W B. Let g : K ! Y denote the core of the new spray.
There exists a holomorphic vector field x in a neighborhood of K in S which points into D at every point of bDnB (we put no condition on x at the points of bD X B; see [5] ). Denoting its flow by f t , the map g f t is defined and holomorphic in an open neighborhood of D for every su‰ciently small t > 0, and it approximates g (and hence f 0 ) uniformly on D. r Combining Theorem 5.1 with the main result of [13] gives the following version of the Oka principle. Note that Corollary 1.5 is just Corollary 5.3 applied to the product submersion
Corollary 5.3. Assume that D T S is a strongly pseudoconvex domain with OðSÞ-convex closure in a Stein manifold S and h : X ! S is a holomorphic fiber bundle whose fiber Y enjoys CAP (Def. 1.4). For any continuous section f 0 : S ! X which is holomorphic on D there exists a homotopy f t : S ! X of continuous sections such that f t j D is holomorphic and uniformly close to f 0 j D for each t A ½0; 1, and f 1 is holomorphic on S.
Furthermore, every homotopy of continuous sections f t : S ! X , with f t j D holomorphic for each t A ½0; 1 and f 0 , f 1 holomorphic on S, can be deformed with fixed ends to a homotopyf f t : S ! X consisting of sections which are holomorphic on S such that the entire homotopy remains holomorphic on D.
The analogous results hold for sections of class C r provided that bD A C l ðl b 2Þ and r A f0; 1; . . . ; lg.
Proof. By Theorem 5.1 we can approximate f as close as desired in the C r ðD; X Þ topology by a C r section g : U ! X which is holomorphic in an open neighborhood U of D in S. If the approximation of f by g is su‰ciently close and U is chosen su‰ciently small then g is homotopic to f j U by a homotopy of C r sections g t : U ! X ðt A ½0; 1; g 0 ¼ f ; g 1 ¼ gÞ which are holomorphic in D (Corollary 4.3) . Choose a smooth function w : S ! ½0; 1 with compact support contained in U such that w ¼ 1 in a smaller open neighborhood of D. Setg g t ðzÞ ¼ g wðzÞt ðzÞ; this is a homotopy of C r sections which are holomorphic on D, they extend to all of S and equal f on SnU.
Proof. The proof of (i) will consist of two parts. In the first part we find a section g 1 W Â P 0 ! X which approximates f uniformly on a neighborhood of ðB 0 X D 0 Þ Â P; by the Cauchy estimates the approximation is then C r close on the latter set. Now we apply Proposition 2.4 to glue the spray f . 2.3) . Each of the sets B 1 ; . . . ; B mÀ1 is chosen so small that the fiber bundle X is trivial over its closure. To find a solution f 1 : D ! X we successively extend the section g 1 : D 1 ! X found in Part 1 over each bump by using a finite induction; this will produce sections g j A G r A ðD j ; X Þ ð j ¼ 2; 3; . . . ; mÞ such that the restriction of g j to D jÀ1 is homotopic to g jÀ1 , and is close to g jÀ1 in G r A ðD jÀ1 ; X Þ. Since all steps are of the same kind, it su‰ces to explain how to obtain g 2 from g 1 .
Corollary 4.2 furnishes a ball P H C N containing the origin and a dominating hspray G 1 : D 1 Â P ! X of class A r ðD 1 Þ with the central section g 1 . Let P 0 T P be a smaller ball around the origin. Since the fiber bundle X is trivial over B 1 , we can identify sections of X over (subsets of ) B 1 with maps to the fiber Y . Also, using local holomorphic coordinates in a neighborhood of B 1 in S we shall identify B 1 X D 1 H B 1 with compact convex sets in C n .
Using these identifications, we first approximate G 1 in the C r topology on ðB 1 X D 1 Þ Â P 0 by a holomorphic map from an open neighborhood of this set (in C n Â C N ) to Y ( just precompose G 1 with linear contractions to an interior point of its domain); by using the CAP property of Y we then approximate this map by an entire map C n Â C N ! Y . Passing back to subsets of S, the above procedure gives a spray G After m steps of this kind we obtain a section g m A G r A ðD; X Þ (which we now call f 1 ) satisfying the conclusion of Theorem 6.1 (i). A homotopy from f 0 to f 1 with the stated properties is obtained by combining the homotopies obtained in the individual steps of the proof.
Part (ii) is proved in essentially the same way by using the equivalence between CAP and the one-parametric Oka property [13, §5] . A one-parametric spray with the given center is furnished by the parametric part of Corollary 4.2, and we glue sprays by the parametric version of Proposition 2. 4 . r
In conclusion we mention the following (apparently) open problem. However, open Stein neighborhoods cannot be used in the proofs of Theorems 1.7 and 6.1 since the bundle is only defined over D.
